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Abstract
We prove that neither Integer nor Fractional Quantum Hall Ef-
fects with nonzero Hall conductivity are possible in gapped systems
described by Local Commuting Projector Hamiltonians.
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1 Introduction
One of the simplest classes of exactly soluble many-body Hamiltoni-
ans is the class of Local Commuting Projector Hamiltonians (LCPH).
These are finite-range lattice Hamiltonians which have the form
H =
∑
Γ
Φ(Γ),
where the local terms Φ(Γ) are commuting projectors. Usually one
also assumes that each local Hilbert space is finite-dimensional, oth-
erwise one gets a hugely degenerate excitation spectrum. The toric
code [1], or more generally, Levin-Wen Hamiltonians associated to
unitary spherical fusion categories [2], provide interesting examples
of such Hamiltonians in two dimensions, so many topologically or-
dered states can be described by LCPH. It is believed that all known
Symmetry Protected Topological phases of fermions and bosons with
a finite symmetry can also be described by LCPH. Nevertheless, it
is also widely believed that neither IQHE nor FQHE phases can be
realized by LCPH. In this short note, we provide a proof of this.
More precisely, we prove the following. Suppose H is a local lat-
tice Hamiltonian with an on-site U(1) symmetry defined on a torus
of size L. It is well-known that it is possible to extend H to a 2-
parameter family H(βx, βy) of local lattice Hamiltonians depending
on the “holonomies”1 (βx, βy) ∈ R2/(2piZ)2. If H(βx, βy) has a unique
ground state for all βx, βy, then its ground-states form a rank-one vec-
tor bundle E over Tβ = R2/(2piZ)2. It was argued in [3, 4] that the
first Chern number of E is equal to the Hall conductance of the system.
More precisely, the Hall conductance is defined in the thermodynamic
limit L→∞. If one assumes that the limiting ground state exists, and
the spectral gap does not close in the limit L → ∞, one can indeed
prove that the thermodynamic limit of the first Chern number of E
exists and is equal to the Hall conductance [5, 6, 7]. (There is an al-
ternative proof of the quantization of the Hall conductance which only
requires H to be gapped, but does not make any assumption about
the gap for nonzero βx, βy [8]). This line of reasoning extends to the
case when the ground-state is degenerate [6]: if the thermodynamic
limit of all ground-states is the same, then the limit of the first Chern
1In many papers “holonomies” are called fluxes. We find this terminology confusing,
since the word “flux” is also used to describe a region of nonzero magnetic field, while
βx, βy parameterize a flat U(1) gauge field on a torus.
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number exists and is equal to q times the Hall conductance, where q
is the degeneracy of the ground-states on a torus of a sufficiently large
size. We prove the following
Theorem. Let H be an LCPH with range R on a torus of size
L > 4R, and suppose H has an on-site U(1) symmetry. Then the 2-
parameter family H(βx, βy) of Hamiltonians depending on the ”holonomies”
βx, βy ∈ R2/(2piZ)2 is a family of LCPH, and thus the gap assumption
is satisfied. Moreover, the Chern number of the corresponding bundle
of ground-states vanishes.
Assuming that the thermodynamic limit exists, this implies that
neither IQHE nor FQHE states can be realized by Local Commuting
Projector Hamiltonians with an on-site U(1) symmetry.
While for simplicity we only discuss the case d = 2, in arbitrary
dimension the same arguments show that all Chern classes of the bun-
dle of ground-states vanish if H is an LCPH, and in fact the bundle
of ground-states is topologically trivial.
The proof uses some well-known results from algebraic geometry.
The same mathematical results were used in [11] to show that a Chern
insulator with a finite-range band Hamiltonian cannot have correla-
tions which decay faster than any exponential. This is no coincidence:
correlations of all local observables in a ground-state of an LCPH van-
ish beyond a finite range. One might conjecture that neither IQHE
nor FQHE can occur if correlations of all local observables decay faster
than any exponential.
The content of the paper is as follows. In section 2, we recall the
definition of a local lattice Hamiltonian on a torus with holonomies
following [8, 6]. The proof of the theorem occupies sections 3 and 4.
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2 Lattice Hamiltonian on a torus with
holonomies
The space will be a torus T 2 of size L × L. We identify it with
R2/(LZ)2. A lattice is a finite subset Λ ⊂ T 2. The Hilbert space
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is either a tensor product
V = ⊗λ∈ΛVλ,
where Vλ is a finite-dimensional Hilbert space, or a super-tensor prod-
uct
V = ⊗̂λ∈ΛVλ,
where Vλ is a finite-dimensional Z2-graded Hilbert space. We will
denote by AΓ the algebra of observables supported at a subset Γ ∈ Λ.
Following [8], we use an `1 distance on T 2:
dist(p, p′) = |x(p)− x(p′)|modL+ |y(p)− y(p′)|modL.
A local lattice Hamiltonian with range R has the form
H =
∑
Γ
Φ(Γ),
where Φ(Γ) is a Hermitian element of AΓ, and the sum is over all
subsets Γ ⊂ Λ of diameter less than R. In the Z2-graded case, each
Φ(Γ) is required to be even. In addition, one usually assumes that the
norms of the operators Φ(Γ) are uniformly bounded [8]. In the cases
of interest to us, this will be automatic.
A local lattice Hamiltonian is said to have an on-site symmetry G
if each Vλ is a unitary (or anti-unitary) representation of G, and each
Φ(Γ) commutes with the action of G on AΓ. In particular, a local
lattice Hamiltonian has an on-site symmetry U(1) if for each λ ∈ Λ
we are given an (even) Hermitian operator Qλ : Vλ → Vλ with integral
eigenvalues, and for all Γ of diameter less than R we have
[Φ(Γ), Q(Γ)] = 0,
where
Q(Γ) =
∑
λ∈Γ
Qλ.
Note that Q(Γ) is additive under disjoint union:
Q(Γ ∪ Γ′) = Q(Γ) +Q(Γ′), if Γ ∩ Γ′ = ∅.
Given a local lattice Hamiltonian with an on-site U(1) symmetry
and range R, and assuming L > 2R, one can define a family of local
lattice Hamiltonians with range R depending on (βx, βy) ∈ R2/(2piZ)2
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Figure 1: The operator Φ(Γ, 0, βy) is equal to Φ(Γ) unless Φ(Γ) straddles the
line y = 0 (red region), in which case it is defined by e−iβyQ(Λd)Φ(Γ)eiβyQ(Λd),
where Q(Λd) is the operator that measures the U(1) charge of Td (blue re-
gion).
as follows [8, 6, 7]. Let T` be the subset of T
2 given by 0 < x(p) < L/2.
Let Td be the subset of T
2 given by 0 < y < L/2. Let Λ` = Λ
⋂
T`
and Λd = Λ
⋂
Td. We define (see Fig. 1)
Φ(Γ, 0, βy) =
{
e−iβyQ(Λd)Φ(Γ)eiβyQ(Λd) if Γ
⋂
Λd 6= ∅,dist(Γ, {y = 0}) < R,
Φ(Γ) otherwise
Then we define
Φ(Γ, βx, βy) =
{
e−iβxQ(Λ`)Φ(Γ, 0, βy)eiβxQ(Λ`) if Γ
⋂
Λ` 6= ∅,dist(Γ, {x = 0}) < R,
Φ(Γ, 0, βy) otherwise
It follows from U(1)-invariance of Φ(Γ) and additivity of Q(Γ) that
Φ(Γ, βx, βy) is an element of AΓ, and thus
H(βx, βy) =
∑
Γ
Φ(Γ, βx, βy)
is a local lattice Hamiltonian. Since Qλ has integral eigenvalues, it is
clear that each Φ(Γ, βx, βy) is 2pi-periodic in both βx and βy. Thus
H(βx, βy) is a family of local lattice Hamiltonians parameterized by
points of a torus Tβ = R2/(2piZ)2.
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Suppose the gap between the lowest and next-to-lowest eigenvalues
of H(βx, βy) is strictly greater than zero for all βx, βy. Then the image
of the projector to the eigenspace with the lowest eigenvalue is a well-
defined smooth vector bundle over Tβ which we denote E.
3 Local Commuting Projector Hamil-
tonians
A local commuting projector Hamiltonian (LCPH) is a local lattice
Hamiltonian such that each Φ(Γ) is a projector (Φ(Γ)2 = Φ(Γ)) and
[Φ(Γ),Φ(Γ′)] = 0 for all Γ,Γ′. In this section we show that if an LCPH
H with range R has an on-site U(1) symmetry, then for L > 4R the
Hamiltonian H(βx, βy) is also an LCPH.
It is obvious that all operators Φ(Γ, βx, βy) are projectors, so we
just need to check that they all commute. The gist of this argu-
ment is that for any two fixed Γ,Γ′, one can find a common local
U(1) rotation that conjugates Φ(Γ, βx, βy) and Φ(Γ, βx, βy) into Φ(Γ)
and Φ(Γ′), respectively. More formally, to check that Φ(Γ, 0, βy) com-
mutes with Φ(Γ′, 0, βy), it is sufficient to check this when Γ
⋂
Λd 6= ∅
and dist(Γ, {y = 0}) < R. If Γ′⋂Λd = ∅, then Φ(Γ′, 0, βy) = Φ(Γ′)
commutes with both Φ(Γ) and Q(Λd), and therefore commutes with
Φ(Γ, 0, βy). Suppose now that Γ
′⋂Λd 6= ∅. We have two cases:
dist(Γ′, {y = 0}) < R or dist(Γ′, {y = 0}) ≥ R. In the former case,
both Φ(Γ, 0, βy) and Φ(Γ
′, 0, βy) are conjugate to Φ(Γ) and Φ(Γ′) by
means of the same unitary operator exp(iβyQ(Λd)). Since Φ(Γ) and
Φ(Γ′) commute, Φ(Γ, 0, βy) and Φ(Γ′, 0, βy) also commute. In the lat-
ter case, since the diameter of Γ′ is less than R, and R < L/4, all
points of Γ′ satisfy R ≤ y < 3L/4. So if we define Λ˜d ⊂ Λ by the
condition 0 < y < 3L/4, then Φ(Γ) commutes with Q(Λ˜d\Λd), and
thus
Φ(Γ, 0, βy) = e
−iβyQ(Λ˜d)Φ(Γ)eiβyQ(Λ˜d).
Since Γ′ ⊂ Λ˜d, U(1)-invariance obviously implies
Φ(Γ′, 0, βy) = Φ(Γ′) = e−iβyQ(Λ˜d)Φ(Γ′)eiβyQ(Λ˜d).
Since both Φ(Γ) and Φ(Γ′) commute, the same applies to Φ(Γ, 0, βy)
and Φ(Γ′, 0, βy).
Now that we know that Φ(Γ, 0, βy) and Φ(Γ
′, 0, βy) commute for all
Γ,Γ′, we can use the same argument with βx and Λ` instead of βy and
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Λd to show that Φ(Γ, βx, βy) and Φ(Γ
′, βx, βy) commute for all Γ,Γ′.
Thus H(βx, βy) is an LCPH. The eigenvalues of such a Hamiltonian
are non-negative integers. Given an integer N , eigenvectors are non-
zero solutions of the equations
Φ(Γ, βx, βy)|Ψ〉 = nΓ|Ψ〉,
where the numbers nΓ take values in {0, 1} and satisfy∑
Γ
nΓ = N.
Ground-states are eigenvectors corresponding to the smallest possible
N .2 If this value is N0, then the next smallest eigenvalue is at least
N0 + 1, and thus the gap condition is satisfied. This proves the first
part of the theorem.
4 The vanishing of the Chern number
We are ready to show that any local commuting projector Hamiltonian
which has an on-site U(1) symmetry has a vanishing ground-state
Chern number for L > 4R. Let the smallest eigenvalue of H(βx, βy)
be N0, and the corresponding bundle of ground-states be E. We have
seen above that this bundle decomposes as a direct sum
E = ⊕{nΓ}E{nΓ},
∑
Γ
nΓ = N0,
where nΓ ∈ {0, 1} is an eigenvalue of Φ(Γ, βx, βy). We will show that
each E{nΓ} is topologically trivial, which will imply that E is trivial
too.
Let Pn(Γ, βx, βy), n ∈ {0, 1}, be the projector to the eigenspace of
Φ(Γ, βx, βy) with eigenvalue n:
Pn(Γ, βx, βy) =
{
1− Φ(Γ, βx, βy), n = 0
Φ(Γ, βx, βy), n = 1
Then the projector to E{nΓ} is given by
P{nΓ}(βx, βy) =
∏
Γ
PnΓ(Γ, βx, βy).
2It is usually assumed that the ground-states have N = 0, and thus all nΓ vanish. We
allow for more general possibilities.
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Since eachQ(Γ) has integral eigenvalues, the matrix elements of Φ(Γ, βx, βy)
are trigonometric polynomials in βx, βy. Therefore the same is true
about the projector P{nΓ}(βx, βy).
Trigonometric polynomials on Tβ can be holomorphically extended
to its complexification C∗ × C∗, where C∗ = C\{0}. Such a holomor-
phic extension is a Laurent polynomial on C∗×C∗, i.e. an expression
of the form ∑
|mx|<N,|my |<N
amx,myz
mx
x z
my
y ,
where zx = e
iβx , zy = e
iβy . When we extend P{nΓ} to a Laurent
polynomial on C∗×C∗, the coefficients are matrices (operators on the
finite-dimensional Hilbert space V).
Laurent polynomials can be thought of as regular algebraic func-
tions on an algebraic torus C∗ × C∗. A projector whose entries are
Laurent polynomials thus defines an algebraic vector bundle on C∗×C∗
(by taking its image). Let us call E{nΓ} the algebraic vector bundle
corresponding to the projector P{nΓ}. The bundle E{nΓ} is a restric-
tion of E{nΓ} to the real slice Tβ ⊂ C∗×C∗. Now we can use the result
from algebraic geometry [9, 10] that any algebraic vector bundle over
(C∗)d is isomorphic to a trivial vector bundle, for any d. Therefore
E{nΓ} and E are trivial, which proves the second part of the theorem.
One can also use a more elementary argument briefly explained in [11]:
the first Chern class of E{nΓ} is the same as the first Chern class of the
line bundle ΛrE{nΓ}, where r is the rank of E{nΓ} and the latter bundle
is necessarily trivial because the ring of regular algebraic functions on
C∗ × C∗ is a Unique Factorization Domain. Or one can use an even
more elementary deformation argument which directly shows that the
Chern classes of any algebraic vector bundle on C∗ × C∗ are trivial
[12].
Note that the numbers nΓ label the eigenvalues of local integrals
of motion Φ(Γ). In the presence of such integrals of motion, the ther-
modynamic limit of a state, if it exists, may depend not only on the
energy, but also on nΓ. If this happens, then the Chern number of E
is not directly related to the Hall conductance. However, it is natu-
ral to assume that the thermodynamic limit of a state is completely
characterized by the eigenvalues of local integrals of motion nΓ. Then
the Hall conductance is proportional to the Chern number of E{nΓ}.
Since we showed that it vanishes for L > 4R, we can still conclude
that the Hall conductance vanishes.
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